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1. Introduction 

The low energy dynamics of near-coincident BPS black holes in five dimensions is 
described by superconformal quantum mechanics fll-^. (See also [|5|-|T0|.) The states of 
this theory describe black holes whose separations and excitation energies go to zero in the 
infrared scaling limit. Hence every state of this low energy theory describes a marginally 
bound state of the black holes. 

The existence of infinitely many bound states is puzzling. In this paper we compute 
a supersymmetric index which counts a weighted number of bound states (roughly the 
difference between the numbers of hypermultiplets and vector multiplets). This index, 
in contrast, turns out to be finite and nonvanishing. After factoring out center-of-mass 
degrees of freedom, the index essentially reduces to the Witten index of the black hole 
quantum mechanics: 

lBH{jL)^Tri-f'^,,. (1.1) 

In this expression Jjj is the generator of SU{2)fi spatial rotations and is a generator of 
the superconformal algebra. SU{2)l spatial rotations commute with the superconformal 
algebra, and the trace in (|1.1| ) is at fixed total Jl- Ordinarily this would be computed as 
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a trace over eigenstates of the hamiltonian H. This trace is ill-defined for superconformal 
quantum mechanics because of the infrared continuum. (The usual method of putting the 
system in a box does not work here because the continuum arises from near coincident 
black holes.) We define the index by tracing instead over eigenstates of Lq = \{H + K), 
where K is the generator of special conformal transformations. For the case of two black 
holes we find that 2b// (0) = —1. For general N we relate the index to the counting 
of a certain type of noncompact cohomology class in the symmetric (for identical black 
holes) product of N copies of H*. At higher N there appears to be a rich structure of 
super symmetric bound states whose elucidation we defer to later work. 

On the way to studying the A^-black hole problem we describe some general properties 
of the Hilbert space of superconformal quantum mechanics. We begin with the simplest 
case with two supersymmetries and work up to black holes. In section 2 we relate the 
spectrum of an Osp{l\2) sigma model to the eigenvalues of a certain Dirac operator on 
the target space. In section 3 we show that states of SU{1^ 1|1) superconformal quantum 
mechanics are naturally viewed as (p, 0)-forms, but with a non-canonical measure, and 
we derive the chiral primary condition. In section 4 we describe the -D(2, 1; 0) quantum 
mechanics. In section 5 we explicitly compute the index Xb//(0) for two black holes. 

2. Osp{l\2) 

In this section we relate the spectrum of an Osp{l\2) sigma model to the eigenvalues 
of a certain Dirac operator with torsion on the target space. 

2.1. Symmetries 

The Osp{l\2) superalgebra is generated by the three bosonic operators /f, K and D 
and two fermionic operators Q and S. The nonvanishing commutation relations are 



[H,K] 


= -w, 


[H,D] 


= -2iH, 


[K,D] 


= 2iK, 


{Q.Q} 


= 2H, 


[Q.D] 


= -iQ, 


[Q.K] 


= —iS, 


{S,S} 


= 2K, 


[S,D] 


= iS, 


[S,H] 


= iQ, 


{S,Q} 


= D. 











(2.1) 
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Alternatively one may define (suppressing an arbitrary dimensionful constant) 



2 V2 



Lo = ^{H + K), (2-2) 



in terms of which the algebra becomes 



[LrmGr] — ^ Gm+r^ (2-3) 

{Gr,Gs} = 2Lr+s: (2.4) 

[Lm, Ln] = (m - n)Lm+n, (2.5) 



where r, s = ±^ and m, n = 0, ±1. 



The Osp{l\2) algebra can be realized with the supermultiplet (X^,A^), where 
A^^ = A*^^. The nonvanishing commutation relations for these fields and their conju- 
gate momenta are, in the notation of |[11|| , 



{A^,A^} = <7^^, 

[PM,X^] = -^5M^, (2.6) 

[Pm: A^] = MP - ^p)^^: 

with Lj the spin connection and F the Christoffel connection. The last relation is neces- 
sitated by the fact that the commutator of A with itself depends on X , and implies that 
e'^^A^, where e is the vielbein, commutes with P. Explicit expressions for the super- 



M 

charges are then 



Q = X^Pm + kcMNP - 3wMiVp)A^A^A^, (2.7) 

D 



S = X^^Dm. (2.i 



and 

n \M r, 

>M 

The algebra requires that the vector field L> is a so-called closed homothety obeying 

I^dQmn = 2gMN, 



and the torsion c obeys 



(2.9) 

d{DMdX^) = 0, 



D^cmnp — 0, 

(2.10) 

C-dcmnp = 2cmnp- 



A derivation of these results can be found in 11 
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2.2. Quantum States 

States IV') in the Hilbert space form a representation of the algebra of fermions. From 
the commutation relations ( |2.ti| ), we conclude that the states are target space spinors, with 
the fermions acting as 

A^l^) = ^7^1^), (2.11) 

where are the usual SO{N) gamma matrices. 

The states can be organized into infinite- dimensional superconformal multiplets. At 
the bottom of every multiplet is a superprimary state obeying 

Gi\tl;) = 0. (2.12) 
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The remaining tower of states is generated by the action of G i . Superprimary states are 

~ 2 

related by a similarity transformation to states = e^li/j) obeying 



QH') = 0. (2.13) 



Using (|2.11|) , (|2.13|) becomes the modified Dirac equation 



-^(t'^Vm - ^l^rc\pW) = 0. (2.14) 



In order to better understand ( p.l4|) , we introduce the conformally related metric 

ds^ = K-^ds^. (2.15) 



It follows from ( |2.9| ) that the vector field D is covariantly constant in this metric. Hence 
coordinates can be chosen so that it takes the simple product form 

rfs^ = 2{dX^f + gijdX^dX-^, (2.16) 

where the (A^ — 1) -dimensional metric g on the space M^~^ transverse to the orbits of D 
is independent of X^. In these coordinates, D^Om = do and K = ^e^^". Equation ( |2.13| ) 
then reduces to 



The left hand side of (|2.17| ) is a Dirac equation with torsion on the transverse space 
M^~^. Let Xj denote the (real) spectrum of this Dirac operator and i/jj the corresponding 
orthonormal eigenspinors. In an even-dimensional space, there is a basis in which 

and a solution of the Dirac equation can be written as 

Superprimaries obeying ( |2.12| ) are obtained by a similarity transformation as 

Normalizability then requires convergence of the integral 

i^jl^k) = j d^X^'iljli;k=Sjk2^ j dX0(2sinh2A,X0)e[^"-^'''°l, (2.21) 

which is equivalent to the condition that |Aj| < |. We conclude that there is one super- 
primary for every such normalizable solution of the Dirac equation with torsion on the 
transverse space M^~^ . 



3. SU{l,l\l) 

In this section we show that states of SU{1, 1|1) superconformal quantum mechanics 
are naturally viewed as (p, 0)-forms, but with a non-canonical measure. The chiral primary 
condition is derived and expressed as a condition on forms. 

3.1. Symmetries 

The ^C/(l,l|l) algebra is 

[Lm, Ln] = {m- n)Lm+n (3.1) 
{Gr^Gs} =2Lr+s+2J{r-s)dr,-s (3.2) 

1 - 1 - 

[J,Gr] = 2^'^' [J^^r] = ~2^'~ (3-3) 
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[Lm: Gr\ — ^ Gm+n [Lrm Gr] — Gm+r (3-4) 

where m, n = 0, ±1 and r, s = ±|. As shown in |jTl[], the Osp{l\2) model of the previous 
section has this larger symmetry if and only if there is a complex structure preserved by 
the action of D, the metric is hermitian, and the (1, 2) part of the torsion is given by 

I. = -r^ 5c- (3-5) 
Indices in lower (upper) case denote complex (real) coordinates, so that a,b = 1, 2, . . . , n, 
where n is the complex dimension. In general c may also have (0, 3) and (3, 0) parts 
unconstrained by ( p.5|) . These are constrained to vanish for A/" = 4 supersymmetry, and 
for simplicity we set them to zero here. The relation ( |3.5|) then implies that there is a U{n) 
connection, 

^\ip = T'^./p + c\jp. (3.6) 

Let us first collect some formulae from [rT| describing the 5'C/(1, 1|1) theories.il It is 
convenient to define the shifted momentum 

Hm = Pm — -^{^MNP — cmnp)^ a , (3.7) 

which has the property 

[nM,A^] =zOVa''. (3.8) 
Defining Q, 5" and their hermitian conjugates Q, 5" by 



G^i=^{QTtS), 



2 V2 



G^l=^iQT^S), 



(3.9) 



2 V2 



and 



one has 



We note that 



Q = X^iUa-iCabcX'X''-iCa) 

S = X'^Da. 



c\a, (3.10) 

(3.11) 



(3.12) 



{Q,An = o, 
{Q,An = /'(n,-zc,). 

^ Our notation is the same as in [11| with the following exceptions. We use capital indices 
M, A'^, P for the 2n-dimensional moduli space coordinates. The indices A, B are used only for the 
black holes themselves. In this section, Q and S are the holomorphic supercharges that were called 
Q = ^{Q — iQ) and S = ^{S — iS) in In section 4, R and Jr are the angular momentum 
operators corresponding to i?+ and R- in [11|. 
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3.2. The Ground State of H 

In this subsection we construct a state \rf) annihilated by the supercharges Q and Q 
as weU as the Hamiltonian H. We compute the norm of \ri) and its U{1) charge. 
We begin by imposing the chirahty conditions 

7l^)=7a|77) = 0, (3.13) 

which states that \r]) is a singlet under the SU{n) subgroup of U{n). It also implies that 
\r]) is annihilated by Q (as well as S). The action of the supercharge Q on a general state 
\ip) is 

Q\^) = -ZJ^Va + Cab-cl\' + CaW. (3.14) 

where V is the covariant derivative on spinors with the U{n) spin connection associated 
to O. Given (|3.13| ), the state \r]) will be annihilated by Q if the wavefunction r]{X) is a 
covariantly constant spinor obeying 

iVa + Ca)v = 0- (3.15) 

This has solutions because the integrability conditions [Da + Ca,T>h + Chlrj = — 2c"^ abi'^c + 
Cc)'r] are satisfied, as can be checked from the expression ( p.6| ) for the connection. The 
solution is fixed up to transformations of the form 

r? ^ /(X^)7?, (3.16) 

where / is an antiholomorphic function. We will fix this freedom shortly. 

We now describe some properties of \r]). Define the U{1) connection A by 

where / is the complex structure. A obeys 

Ab = -4icb + 2idb(f), (3.18) 

with 

(j)=^lndetg. (3.19) 
Under an infinitesimal complex coordinate transformation 

X" ^X" + C"(^^), (3.20) 
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one finds 

^ ^ 2^ ' (3.21) 
A-^ A-d{t + e), 

with complex holomorphic gauge parameter 

e = idaC- (3.22) 

Using the fact that the spinorial wavefunction 77 is an SU (n) (but not a U{1)) singlet, 
the equation (|3.15| ) can be written, using (|3.18|) , as 

{da - '-Aa + Ca)v = {da + ^da<P)v = 0. (3.23) 

The solution of this equation is 

rj = e-^+^rjo, (3.24) 

where O is an arbitrary antiholomorphic function, and ryo is the constant spinor obeying 
( P.13|) . The norm of t] is then 

ryt^ = e'-^+e+e^ (3_25) 

The expression (|3.25|) is coordinate invariant because + and cp transform the same 
way under ( |3.2U| ). In the following it will be convenient to choose coordinates so that (p 
is nonsingular at smooth points in the geometry. (In the Af = 4 case, such coordinates 
are singled out by the existence of a quaternionic structure.) The norm ( |3.25| ) is then in 
general singular, except if the freedom ( |3.16| ) is used to shift away O altogether. We shall 
henceforth assume that this has been done, so that in nonsingular coordinates 

r]^r] = e~^. (3.26) 

The ^7(1) i?-charge is measured by the operator 

J = ^ {zD'^Ua - iD~-U-a + ga-b{yX' ' ^ + D'^ CaM N X^' ' D'^ CaM N X^' X^) . (3.27) 

Acting on \rf), one finds 

J\r^) = ]^{D-d-acP~nM. (3.28) 



In dilational gauge, defined by 



for some constant h, one has 



and 



Ah 

where n is the complex dimension of the target space. 



^ I^M^ (3 29) 

D'd-a<P=^^^^. (3.30) 
J\v) = -n^\v), (3.31) 
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3.3. Chiral Primaries and (p, 0) -Forms 

In the previous subsection we constructed a super symmetric ground state \rj) of the 
Hamiltonian H. In general this state may not be normahzable due to the noncompact 
regions of the target space. Lq eigenstates will in some cases be normahzable. In this 
subsection we build such states by acting on jry) with bosonic and fermionic operators. 

As in the case of Osp{l\2), Lq eigenstates lie in superconformal representations con- 
taining lowest weight states annihilated by Gi and Gi. For SU{1, 1|1) there are special 

2 2 

representations whose lowest weight states are also annihilated by G i (or G i). These 

~ 2 ~ 2 

are chiral (or antichiral) primary states. 

Consider a similarity transformation from |?7) to the state 

|0) = e-^|r7). (3.32) 

Using 

Gi = -^e-^Qe^, (3.33) 
2 V 2 

and ( |3.13| ), this state is seen to obey 

Clio) = G i|0) = 0. (3.34) 

2 ^2 

Hence it is a lowest weight antichiral primary. We shall see later that this state is not 
normahzable in the black hole case. 

The most general state is of the form 

l/p) = /p|0), (3.35) 

with 

/p = ^/a,a....a,A"U«^..A'^^ (3.36) 

where faia2...ap is totally antisymmetric. Hence the Hilbert space can be identified with 
the space of (p, 0)-forms on the target space. The action of the supercharges on these 
states isi 

(g-z5)/p|0) = -^(a„J„,...„^^JA«^A"^..A«-+M0), (3.37) 



^ The use of a capital index in the second equation produces one extra term. For example, 

V*7m = g'-Hd-Ja - 2F^5 Je), while V^fa = Q^Hd-Ja " T\J,). 
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(g - tS)U\0) = -^-^(e<^V^e-<^/Ma,...aJA"^..A«-|0), (3.38) 
Sm = ^D„J„,...„^^,A«^..A"''+MO), (3.39) 

^/p|0) = ^^^I^"Va,a....a, A"^..A<^^|0). (3.40) 

Regarding fp as a (p, 0)-form, such states are chiral primary if and only if 

dfp = DAfp = d*e-^fp = 0, (3.41) 

where * is the Hodge dual and here D = DadX"^ is a (1, 0)-form. 
Note that the inner product, 

= ^ l d'^x^e-'f-^^n'^--'^^fa,a,...a,, (3.42) 

contains extra factors in the integration measure. 

3.4. Tr{-fJ 

In this subsection we consider the Witten index 

X = Tr{-fJ. (3.43) 

In order to compute the trace one must choose a basis for the Hilbert space and a regulator 
for the infinite sum. One might attempt to define the trace as the limit of a weighted sum 
over H eigenstates 

X = TrH{-f'e-^'', /3-.0. (3.44) 

Of course the sum is actually independent of /3, since states with nonzero H come in bose- 
fermi pairs which cancel. The trace ( ^.44] ) is nevertheless difficult to evaluate because of 
the continuum of eigenstates extending down to zero energy. An alternate way to define 
the index is as a weighted sum over Lq eigenstate^ 

X = TrL,{-f'e-^^'^^-'\ /3-.0. (3.45) 

''' In 1+1 dimensions, (3.45) is exactly the expression obtained for the Witten index in the NS 
sector obtained by spectral flow from the R sector. In 0+1 there is no obvious analog of spectral 
flow. 
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The sum is also independent of /3. This follows from considering the operator 

Q = ^(Gi +G_i) (3.46) 

V ^ 2 2 

with the properties 

Q^ = Lo- J, {Q, = 0. (3.47) 

States with nonzero Lq — J come in bose-fermi pairs generated by Q and cancel in the 
sum ( |3.45|) . Hence x receives contributions only from states with Lq — J = 0. Such states 
are chiral primaries annihilated by Q, or equivalently, states annihilated by Gi and G i. 
Hence the Witten index can be computed as a weighted sum over superconformal chiral 
primaries. 

A more general index can be defined when the theory contains an operator O, usually 
associated with a symmetry, which commutes with the generators of the super algebra. In 
that case the preceding argment may be repeated to show that 

Xo = TrL,{~f'Oe-f^'^^^-J\ [3 ^ (3.48) 

also defines an index. Alternatively the index can be restricted to a sum over the eigenstates 
of O with eigenvalue A 

X(A) = Tr^^,(-)2-/e-/^(^o-^)|;„ (3 ^ (3.49) 



4. 1^(2, 1;0) 

In this section we describe -D(2, 1; 0) quantum mechanics in terms of its symmetries 
and chiral primaries. This algebra contains an SU{1, 1|1) subalgebra and will be used in 
section 5 to describe the theory of BPS black holes. 

Symmetries 

D{2, 1; 0) is the semidirect product of SU{1, 1|2) and SU{2)fi. In 4k dimensions the 
target space geometry has a triplet of self-dual complex structures obeying 

for r,s — 1,2,3. There are also isometries generated by 
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whose associated charges generate the i?-symmetry in SU {1,1\2). This i?-symmetry wiU 
be denoted by SU (2)Right. A large class of -D(2, 1; 0) theories are sigma models with target 
space metrics 

g,-, = \ {dad-,L + I-'l^%daL). (4.3) 

In this expression, L is a homogeneous function of degree —2, the complex coordinates are 
adapted to /"^, and = |(/^ ± il^). All three complex structures are constant self-dual 
matrices, and = -X^. 
It follows from (U) that 

dacp = 2ca. (4.4) 

Hence for -D(2, 1;0) the U{1) connection A in ( |3.17| ) vanishes, and O is an SU{n) (rather 
than U{n)) connection. The holomorphic two-form /~ obeys the relations 

dr = 0, d*e-^r = Q. (4.5) 

There are 8 supercharges in SU{1, 1|2), 

G±t = i=(Q±±T^^±±). (4.6) 
±2 V2 

Explicit expressions for four of these are 

^2 (4.7) 

G-+ = X^{U-a - ICab-cX'X' - IC-a T tD^). 



These charges are 5'C/(2)Right x SU{2)ji doublets. The 5't/(2)Right {SU{2)ji) spin is indi- 
cated by the first (second) superscript. The other four supercharges can accordingly be 
expressed as 

G++=z[J+,G-+] = -z[i?+,G+I], (4.8) 

*2 *2 *2 

G" =z[J-,G+Y] = (4.9) 

"^2 *2 "^2 

Some important commutators are 



{C^'^'^G^/} = 25«'-^5"''-^'Lp+, + 2{p - q)jf5''''-^\ 

I t3 /^ococ'i ^ /^ctot' 

[Jjl, (-Tp J — — (jTp , (4.10) 



f 7~)3 ^aot'i ^ ^ctc 

[/t , (j-p J — — (j-p 
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a 



2 -P ' 



with p,q = ±|, a(3 = ± and = —Jji^ = etc. generates 5'C/(2)Right rotations 
of the bosons X^, 

[^fl,A^]=0, [J]„X^] = ^X^/r. (4.11) 

The second SU{2)ji, which does not he in SU{1, 1|2), generates i?-symmetry transforma- 
tions of the fermions.i 

[R\X^] = ^A^/Jv"^, = 0. (4.12) 

The supercharges transform in the (2,2) of 5't/(2)Right x SU{2)r. 

4-2. Chiral Primaries 

Chiral primaries in these theories are defined by embedding an SU{1^ 1|1) subalgebra 
in -D(2, 1; 0). A natural embedding is defined by 

G^=G\, G^=G-\, J = Jl. (4.13) 

±2 ±2 =^2 ±2 

With this embedding, the conditions for a chiral primary are given by ( |3.41| ) , in the complex 
structure defined by P . 

It follows from the algebra that normalizable chiral primaries annihilated by G i and 

2 



G^i as in (|3.34| ) are annihilated by six of the eight supercharges 



■ 2 



G+7, G". (4.14) 



="=2 ^2 2 2 



Antichiral primaries are annihilated by the complementary set of negatively moded super- 
charges. Note that SU{2)fi does not mix the operators in (|4.14| ) with G~^. Therefore if a 



2 

chiral primary is not an SU{2)b, singlet, then the SU{2)fi action gives new chiral primaries. 
The algebra further implies that all chiral primaries are highest weight 5't/(2)Right states 
annihilated by J^. 

We note that the state |0) is annihilated by all the positively moded supercharges as 
well as G^~[. Hence it is neither a chiral nor an antichiral primary. This implies it cannot 

~ 2 

be a normalizable state, as indeed can be seen from explicit computation. Since h = —2 
for D(2, 1; 0), it follows from ( CT) that J||0) = 0, while R^\0) = ^\0). 



{R,Jr) are the operators (i?+,i?-) of 
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5. Black Hole Quantum Mechanics 

At low energies the quantum mechanics of black holes is described by the product 
of a free theory containing the center-of-mass coordinates and an interacting near-horizon 
superconformal theory with a 4(A— l)-dimensional target space. In this section we describe 
this theory and the index Ibh that counts the weighted number of supersymmetric bound 
states. For the case of A = 2 we find all the = chiral primaries and discover 
Tbh{Q) = -1. 

5.1. The Center-of-Mass Multiplet 

Throughout this paper we have largely neglected the center-of-mass degrees of free- 
dom. We give a brief description here for completeness. The center-of-mass theory con- 
tains two complex bosons in the (2,2) of SU{2)i^eit x 5't^(2)Right and two complex 
fermions A'^ in the (2,2) of SU{2)i^eit x SU{2)r. The ground state is therefore a spinor of 
SU{2)i^eit X SU{2)ii. Explicitly, defining \rj) as a zero momentum state obeying 

Alr7)=0, (5.1) 

there is an SU{2)fi doublet of spacetime bosons 

1^), A^^lr?), (5.2) 
and an 5'C7(2)Left doublet of spacetime fermions 

A^lr?), A^lr?). (5.3) 

This is exactly the content of a massive, positively charged, spacetime hypermultiplet. 
These states are all annihilated by the four supercharges because Pk = 0. 

5.2. The Superconformal Sector 

The low energy interactions between A five-dimensional BPS black holes with charges 
Qa are described by the 4(A — 1) -dimensional 15(2, 1;0) theory with metric ( [4.3| ) con- 
structed from the potential |1[] 

L=-/<i*X(f: «|-)'. (5.4) 
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In this context SU (2)Right in SU (1, 1|2) generates right-handed spatial rotations [jT2|, while 
SU{2)Fi generates the spacetime i?-symmetry transformations. 

The theory following from ( |5.4| ) has additional global symmetries corresponding to 
SU{2)i^eit spatial rotations. These are generated by 

J£ = -^X^Kl^^iU^ - ^O^A'^Ap) + ^KWA^A^, (5.5) 

where are the constant anti-self dual complex structures on IR^. Jl obeys 

[JL A^] = IX'^K^/', [JL X''] = ^X^K^n"" [JL Jk] = 0, (5.6) 

and commutes with all the generators of the superconformal group. A"^ transforms in 
the (1,2,2) of 5't/(2)Right x SU{2)r x S'[/(2)Left, as appropriate for a goldstino. The full 
symmetry group of the system is 5'C/(2)Left x -D(2, 1; 0). 

5.3. Validity of the Approximations 

In this subsection we discuss potential corrections to the theory defined by (|5.4|), and 
in particular whether or not they could affect the conclusion that there is a divergent 
continuum of infrared states. 

The superconformal theory defined by ( p.4| ) was derived in [|I| from a more general 
(non-superconformal) quantum mechanics, in which a constant is added to the sum inside 
the parentheses. (^]^) then arises in an Mp oo limit |^,|1[] , with the rescaled separations 

— Mp^'^\X^ — X^\ (with dimensions y/mass) held fixed. At the same time 

the energies are rescaled by a factor of Mp so that, in the limit, all excitations of the 
superconformal theory have zero energy as measured with respect to the original time 
coordinate at spatial infinity. We wish to know whether all of these zero-energy states are 
really present or whether some of them might be removed by corrections which have been 
neglected so far. 

Since Mp has been taken to infinity, there can be no 1/Mp corrections to ( ^.4|) . As 
there are no dimensionful parameters in the infrared limit, corrections to (|5.4|) must be 
supressed by dimensionless quantities such as X/X^. Such terms can indeed be seen to 
arise for example as Born-Infeld type corrections. For the case of two black holes the 
corrected action is of the general form 

^ } ^ |X|4 |X|io ^ 
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where X is the relative separation. In terms of the momentum defined from the leading 
term 

dtX 



|X|4' 



this becomes 



i j dt{\X\^\P\'' + \X\^\P\^ + ...). 



(5.9) 



Such correction terms can be neglected as long as 



|P| < (5.10) 

\X\ 

As the black holes approach one another, the relative momenta must be smaller and smaller 
in order to suppress corrections. Hence we do not expect all states to be reliably described 
by the superconformal theory. 

The number of states which can be reliably described by the superconformal theory 
can be estimated by the volume O of phase space in which (|5.10|) is obeyed. This is, with 
an infrared cutoff e 0, 

4 / 74 ; 



n~ / (TX dtp ^ live. (5.11) 

Hence, according to this rather crude estimate, a logarithmic infrared divergence in the 
number of states appears to remain even when the untrustworthy regions of phase space 
are removed. 

We can also compute the density of states as function of the energy. This is 

dVLr^ j d^Xd^P5{E - \X\^\P\^)dE. (5.12) 

This is divergent for any E if one does not impose the restriction ( p.lO| ). Imposing ( |5.1U| ) 
leads to the finite, scale invariant, result, 

rfO~^. (5.13) 

E 

Since this density of (reliably present) states is finite, it is possible that the infrared di- 
vergences do not appear in physical processes involving scattering off of the collection of 



black holes. A similar mechanism was discussed in [|T3 . 

Another potential source of corrections comes from black hole fragmentation as in 
0. The moduli space geometry (|4.3| ), ( |5.4|) was derived using the low-energy supergravity 
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approximation. The validity of this requires that the spacetime curvature is smaU compared 
to the inverse Planck length, or equivalently Qa ^ l.S In this paper we have ignored the 
possibility that the black holes might fragment into smaller pieces. In five dimensions 
we know of no way to suppress this energetically. One might try to avoid this by taking 
all the black holes to carry the minimum quantum of charge. However it is not clear 
whether the expression for the moduli space metric remains valid for small charges. The 
expression is highly constrained both by the symmetries and the known long-distance 
behavior. Whether or not corrections do appear at small charge is an open question which 
we shall not attempt to resolve here. 

In four dimensions the situation is better. Let all the black holes carry the same 
charges, with large, nonzero coprime electric and magnetic charges. In that case the 
possiblity of fragmentation is eliminated energetically, as can be seen from the BPS mass 
formula. The moduli space geometry [10,§] and the bound-state analysis are similar for 



this case. 
5.4. Ibh 

In this section we relate a spacetime index counting weighted degeneracies of spacetime 
BPS multiplets to an index in the superconformal quantum mechanics of the type discussed 
in subsection 3.4. 

Massive representations of A/" = 2 Poincare supersymmetry in five dimensions are of 
two types. The generic representation is the long multiplet Lj, with SU (2)Left x SU (2)Fi,ight 
spin content 

Lj : [JlJr] ® ([1/2, 1/2] + 2[l/2, 0] + 2[0, 1/2] + 4[0, 0]). (5.14) 

This multiplet has 8{2jL + l){2jii + 1) bosons, 8(2^^ + l){2jji + 1) fermions, and maximal 
spin (Jl + 1/2, jji + 1/2). There is also a short multiplet Sj which is annihilated by half of 
the supercharges and has Mass = Charge in appropriate units. This multiplet has spin 
content 

Sj : [jL,Ji?]® ([1/2,0] + 2[0,0]). (5.15) 

This multiplet has one quarter^ as many bosons and fermions, and maximal spin (Jl + 
1/2, jn). It is easy to see that for either multiplet 



^ Perhaps surprisingly, if Qa 2> 1, then the curvatures remain small even for X"^ — 0. 
We do not include the conjugate multiplet with negative charges. 
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An alternative index, 



(5.17) 



vanishes for long multiplets 



I{Lj) = 0, (5.18) 



but not for short ones: 



y-y 

The value of this index traced over all the quantum states of black holes gives a measure 
of the weighted number of supersymmetric states. 

In the supersymmetric quantum mechanics, Jl and jn are the eigenvalues of the 
operators J| (equation (p. 5])) and (equation ( |3.27| ) specialized to the black hole case),0 



augmented by the corresponding operators for the center-of-mass multiplet. The trace over 

1 _ 1 

this latter multiplet gives a universal factor of (y 2 2)2. The total index Ibh counting 
the weighted number of supersymmetric black hole bound states is then defined by 



I^sh = {y^+y-h'TrscQMi-f'h'-'K (5.20) 



where the trace is over the internal Hilbert space of the superconformal quantum me- 
chanics, without the center-of-mass multiplet. We may also define a reduced index of 
the form ( |3.49|) by factoring out the center of mass factor and restricting to the subspace 
transforming in the dimension 2jL + 1 representation of SU{2)l, as 

TbhUl) = TrscQMH^'^^jr.- (5-21) 

In the next section we will evaluate this for two black holes and Jl = by counting chiral 
primaries. 



We recall that Jr is part of the superconformal algebra, while Jl commutes with it. 
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5.5. N = 2 

For the case of two black holes, the 15(2, 1;0) quantum mechanics governing their 
relative separation X12 = X'^ — X"^ is described by the metric 

ds^ = 12^[Q\Q2 + (5.22) 



12 1 
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as follows from (ff]^) and (|5.4|). One finds 



There are states constructed as in ( p.36|) corresponding to (p, 0)-forms with p = 0, 1, 2. For 
p = the chiral primary condition (|3.41|) reduces to 9/o = and -D/o = 0, which has no 
nontrivial solutions. 

For p = 1 the condition D A fi =0 implies that /i is proportional to D. The 
condition dfi = then implies that the proportionality factor is a function of K times an 
antiholomorphic function. In complex coordinates {z^,z'^) 

h=c{z\z\K)D. (5.24) 

For the case considered here of jl = 0, /i, and therefore c, must be invariant under SU (2) l 
rotations. This requires c to be a function of K only. Using the formula ( p.30| ) for the 
special case n = 2 and /i = — 2, one finds 

d*e-^D = Q. (5.25) 

It follows that the last condition in ( |3.41| ) is satisfied only when the proportionality factor 
is a constant. Hence the state 

|D) = I^,A"|0) (5.26) 
is the unique chiral primary with p = 1 for N = 2. The norm is 

{D\D) = 2 J d^X^e-'I'Ke-^^. (5.27) 
For a pair of black holes K goes like and so ( 5.27 ) converges at both large and small r.lii 



The state \D) is an SU{2)ji singlet and the J|. = +^ element of an SU{2)jiight doublet. 



It is now seen explicitly that the norm (0|0) of the Lq ground state diverges logarithmically 
at large r. This norm is given by the integral in ( |5.27 ) without the factor of K. 
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At p = 2, the first two chiral primary conditions are trivially satisfied. The general 
solution of the last condition (using the relations (|4.5|) ) is the (2, 0)-form 



fiX)I-„ (5.28) 



where f{X) is holomorphic. (|5.28| ) is singular unless / is constant. In this case the norm 
becomes 

(/-|/-) = 2 J d^X^e-^-^^, (5.29) 

where we have used J"*""^/"^ = 2. The integral in ( |5.29|) diverges logarithmically at x ^ oo. 
Hence there are no normalizable chiral primaries at p = 2. 

We conclude that the supersymmetric index TbhUl = 0) is — 1 for a pair of black 
holes. 
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